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An approximation method for calculating the diffraction of electromagnetic waves 
from perfect conductors coated with weakly scattering material is developed, which consists 
essentially of a combination of the physical optics approximation (for the perfect conductors) 
with the eikonal method of Saxon and Schiff (for the coating). A Born- type expression for 
the scattering amplitude may be obtained as a simplified version of the more general results, 
but is shown to be of qualitative value only. Numerical results are presented for the 
case of nose-on backscattering from a dielectrically coated semi-infinite perfectly conducting 
cone. For this special example, we alternatively use an exact eikonal Green's function, 
thus extending the results of the Saxon-Schiff eikonal method to include small cone opening 
angles and arbitrary complex dielectric constant and permeability of the coating. In an 
appendix, the same problem is treated by the straightforward physical-optics approximation. 

1. Introduction 

Some interest has arisen recently in the scattering of electromagnetic waves from coated 
bodies [Hiatt, Siegel, and Weil, 1960; Weston and Hexnenger, 1962]. The following paper is a 
contribution to this subject. We consider a situation where perfect conductors and weak 
scatterers (complex dielectric constant and permeability with magnitudes near unity) are 
present simultaneously, and develop a method, based on the application of Green's theorem 
and combining the usual Kirchhoff method (generalized to the vector case by Sommerfeld 
and by Stratton and Chu) with the eikonal method [Saxon and Schiff, 1957; Brown, 1959; 
Uberall, 1962] for calculating the electromagnetic field scattered from such a system of ob- 
stacles. The general method is outlined in section 2 and carried as far as possible, although 
applications of (21) to specific examples still require, as in the Kirchhoff approximation, a 
judicious choice of physical-optics fields. Section 3 applies the method to scattering from a 
semi-infinite perfectly conducting an uniformly coated cone— not a completely general ex- 
ample, since complications arising from shadows are avoided. Here, Born-type fields are also 
obtained as simplified forms of the results, but are shown numerically to give only qualitative 
approximations. In section 4, the problem of the semi-infinite coated cone is treated again, 
this time using an exact eikonal function rather than one corresponding to straight line propa- 
gation; the results are thereby extended to small cone opening angles and arbitrary scattering 
power of the coating. Graphs of the radar cross sections are presented. In appendix 1, physi- 
cal-optics fields of coated, perfectly conducting planes are worked out. Appendix 2 treats the 
problem of the coated cone by the straightforward physical-optics approximation. 

2. General Formulation 

The essence of our method will be an application of Green's theorem to Maxwell's equations, 
in order to express the scattered field at infinity by the values of the field integrated over all 
boundary and discontinuity surfaces, as well as over the volumes of the scatterers coating the 
perfect conductors. Analogously to the customary physical-optics (or Kirchhoff) approxima- 
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tion, the fields in the integrals may then be replaced by those present on the surface and in the 
coating of an infinitely large, perfectly conducting coated plane; as usual, this should give good 
results if the radius of curvature of the bodies is large compared to the wavelength. The use 
of the eikonal rather than the free-space Green's function is expected to improve the results 
over those of Born approximation similarly as in the diffraction from an isolated weak scatterer 
[Uberall, 1962]. 

With a harmonic time dependence exp (—ikt) of the fields (setting c=l, e =n =l), Max- 
well's equations become 

VXE=ifc/zH, v-e'E=0, (la) 

VXH=-& / E, v-mH=0. (lb) 

The dielectric constant is complex: 

e'=e(l+iv), v=a/ke, (2) 

and so may be the permeability /x. Taking the curl of the first equation (lb), one has 

VXVXH=6 , - 1 (V€ , )X(VXH)+ffH, (3) 

a wave equation with propagation constant 

K=k(e'n) 112 . (4) 

To apply Green's theorem, the eikonal Green's function of Saxon and Schiff [1957] will 
be used: 

F(r,r')=F(r',r) = -(4Tp)- 1 e i7c Pe w , (5a) 

with eikonal phase 

Z?(r,r') = P [K(r'+ A P s)-k]ds (5b) 

(p=r— r', p—p/p), corresponding to propagation along straight line paths. This implies that 
we shall always consider situations where, besides perfect conductors, only weakly scattering 
bodies (with magnitudes of e', /x not much different from unity) are thought to be present. 
We can then introduce a dyadic 

<7(r,r') = ,^(r,r') (6) 

with Q the unit dyadic, satisfying the wave equation 

VXVX3F=-3[5(r-r')-(ySyF+iFp 2 V.(p- 2 VS)]+VVF, (7) 

where S=D-{-kp. Now, we shall use the vector Green's theorem [Stratton, 1941] 

f n . [BXVX A-AXVXB]<M= f [A - VXVXB-B ■ vXVXA]dr (8) 

and identify 

A->K,B-> <gfa=Fa, (9) 

a being an arbitrary constant vector. The expressions (3) and (7) will then be introduced in 
(8). Before that, however, we have to specify the surfaces S and volumes Trover which the 
integrals in (8) will be taken. Since the bodies have sharp surfaces which will give rise to reflec- 
tions, we shall apply (8) separately to all regions V t of space separated from the other regions 
by closed surfaces of discontinuity. These are: (1) the material surfaces across which there 
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are abrupt changes of e', \l as well as of the fields, due to the boundary conditions 

n. (€ 1 E 1 -€ 2 E 2 )=co, nX(E 1 -E 2 )=0, (10a) 

n - (miH 1 - M2 H 2 )=0, 7iX(H 1 ~H 2 )=K, (10b) 

with n the surface normal, co and /£ being surface charge and current density (the latter non- 
vanishing only for perfect conductors; in the interiors of those the fields themselves vanish); 
and further (2) the boundary surfaces of the "shadows" of the material bodies which would be 
produced by a light source in r'. The reason for this is that the S appearing in (7) has discon- 
tinuous derivatives across these surfaces, and it may even be discontinuous itself when the 
shadow surface coincides with a material surface. After application of Green's theorem, we 
shall let r' go to infinity; the shadow "cones" will accordingly tend to cylinders. The boundaries 
between V t and V k shall be considered as double surfaces, i.e., S ik bounding V u with normal 
vector n t pointing into V k , and S ki bounding V k , with normal n k pointing into Vf. Green's 
theorem applied to all V u and all the results added together then leads to: 

Sf n 1 .[^aXVXH-HX((vF)Xa)]r/S=-a.H , +a.sf {FR[(vS) 2 -i P 2 V • ( P ~ 2 vS)-K 2 ] 

ik Js ik i Jv i 

+ H.VV/<-/V- 1 (Ve')XVXH}(7r, (11) 

where we write for simplicity: H(r)=H, H(r') = H'. Next, we split S into those contribu- 

ik 

tions which together add up to thai from the surface bordering infinity, S m , plus the sum X}' 

ik 

over the remaining boundary surfaces. Using the asymptotic form of the fields, 

H(rHH ^ r -"o+A(k , k)r~ l e ikT (12) 

with n -H =0, n being a unit vector along the direction of incidence of the radiation, and 
k=kr/r, k =kn , we find 
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n a .[FaXVXH-HX((V^Xa)]rfS— a.H ^o'^o( r ')] (13) 

where 



fc(r)=f [K(r-n Q s)-k]ds. (14) 

The limiting expression of F, 

lim F(r, r')=— (47rr) -i 6 i(*r-k.ro 6 iMW (15) 

has also been used, with 

5 + (r')=lim D ( r > r ') = r[K(r+n s )-k]d8. (16) 

r->co Jo 

Equation (13) represents the plane incoming wave in (12) which is modified only in the exact 
forward direction n by the phase shift <5 , as pointed out earlier [Uberall, 1962]. Extracting fur- 
ther the vector a from the remaining surface integral by the use of some vector identities 
[Stratton, 1941], we obtain 

H , =H ««(k.T'+i)+S' f rfS[(n f XH)XV^^.X(VXH)] 
ik Js ik 

+ S f dr{Fn[(vS) 2 -K 2 -ip 2 V- (p- 2 V#)] + H- VV^-Fe'-HVeOXVXH}. (17) 
i Jv t 

This can further be simplified if we consider on the one hand a sum XI' over the volumes of all 

i 

material bodies plus possible free space volumes enclosed by bodies (all these are finite volumes), 
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and on the other hand a sum X!' ' over all shadow volumes in free space that reach to S m ; in 

them, Ve' = 0. The remaining volumes are just free space reaching to S m , with Ve' = 0, K=k, 
S=kp, and thus in these volume integrals, the square bracket vanishes. When we finally in 
(17) let r' tend to infinity along n=r / /^ >/ in order to obtain the asymptotic form (12) and to read 
off the scattering amplitude A, we have to remember that such a limit may be taken before the 
integrals are actually performed only if they are "restricted," i.e., if the integration goes over a 
finite volume or surface. In order to achieve this, we want to transform some of the integrals 
containing H ■ WF into surface integrals. Consider the expression 

sf ^n r [(vXH)XV(a.vf)], (18) 

ik Js ik 

integrated over S m , the shadow surfaces in free space reaching up to S a , and the surfaces separat- 
ing the material from all free space that reaches to S m . By application of Gauss' theorem and 
Maxwell's equations in free space, we may transform this into 

*VSf drU.vvF (19) 



over all volumes in free space that reach to #co. However, the contribution to (18) from S a 
vanishes due to the boundary conditions (12) and (15); using vector identities, it becomes 
further 

S" f dff[n,X(VXH)].v(a.v20, (20) 

ik J Sik 

where 23 " includes the shadow surfaces in free space reaching up to S^ (but not S m itself), and 

ik 

the surfaces separating the material from all free space that reaches up to S m . An example for 
all such surfaces and volumes will be presented in the figure of the following section. Altogether, 
we have for our general results the final expression 

H , =H 6^-''+v)+2 / f ^[(R,XH)XvF+Fn,X(vXH)] 

ik J S ik 

+k~ 2 H"( dS[n t X(yXll)]-VVF 

ik J Sik 

+2' f dr{FH[(vS) 2 -K 2 -ip 2 V - {p~ 2 vS)} 

i J V. 

+n.VVF-Fe'- 1 (ye')XvXH} 

+ S"f drFR[(vS) 2 -k 2 -ip 2 V'(p- 2 VS)}. (21) 

i J V. 

Just as in the case of the usual Kirchhoff theory, the general procedure stops here with the advice 
to insert physical-optics fields into the integrals, which have to be chosen specifically for fitting 
each individual situation. For example, in the case of a perfect conductor covered with a 
uniform coating, one might use the known fields present on the surfaces and in the coating of a 
coated perfectly conducting infinite plane, for the illuminated side of the object; zero in the 
region shadowed by the conductor. Some general remarks may, however, still be made: (a) 
All integrals over the volume of the perfect conductors and their shadows, as well as over the 
surfaces bounding them, vanish due to the factor exp (iD) (or exp {id+)) which contains K, its 
imaginary part being positive and ^o- 1/2 , tending to +°° for perfect conductors. (Note that in 
the shadow, the line of integration of D or 6+ still passes through the conductor.) (b) The 
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Born approximation is valid when the eikonal phases are small, and may be obtained from (21) 
by taking the limit 5 — >0,5 + — >0. Since 8+ generates the discontinuity surfaces of type 2, these 
surfaces will be absent in Born approximation. Indeed, Green's theorem would in this case 
have been applied to the material surfaces and volumes only, excluding the volumes of the 
perfect conductors, and only those integrations will appear in the Born equivalent of (21). 
(c) Guided by the Born approximation, the integrals in X)', ]C" over the shadow surfaces reach- 

ik ik 

ing to S m could quite possibly be dropped altogether if physical-optics fields cannot easily be 
found for them. This would also be suggested physically by the fact that shadows of finite 
bodies do not reach to infinity, but are washed out over distances >R 2 /\, where K is the dimen- 
sion of the diffracting obstacle, (d) The remaining surface integrals, as well as the integrals 
in TV, are all restricted, and the limit r'-^oo ? equivalent to (15), may be taken in them im- 

i 

mediately, (e) The remarks under (c) can also be applied to 2". However, these integrals 

i 

may be transformed into integrals over restricted regions by methods outlined earlier [Saxon 
and Schiff, 1957; tJberall, 1962]. (f) Our suggested method to obtain approximate solutions 
out of (21) is not the iteration method of Saxon and SchifT [1957], but is comparable to the 
more intuitive Kirchhoff approximation [Sommerfeld, 1959]. The conditions of applicability 
of the method are then no longer the clear-cut ones of the iteration [tJberall, 1962, (24), (28)], 
e.g., kR^>^>\, but become more obscure. Generally speaking, it is known that KirchhofTs 
method works best when the wavelength is small compared to the longest dimension of the 
obstacle, (g) Due to the boundary condition on the surface of a perfect conductor 

[from (10a), owing to the vanishing of the fields in perfect conductors], and from Maxwell's 
equation (lb, first equation), the second integral and the second term in the first integral of 
(21) vanish on these surfaces. This is the essence of all the methods using the formula of 
Stratton and Chu [Stratton, 1941 ; Kerr, 1951] for the calculation of the scattered fields. 

3. Application to a Semi-Infinite, Perfectly Conducting Coated Cone 

The method outlined in the preceding section will now be applied to a specific example, and 
many of the general ideas may become clearer in the application. The example chosen, namely 
diffraction of electromagnetic waves by a semi-infinite perfectly conducting cone coated with a 
homogeneous weakly scattering material of uniform thickness, represents, however, not the 
most general case, since it avoids all the complications arising from the shadows. We shall 
start out with a finite coated cone, as shown in figure 1. The sums over integration surfaces 
and volumes needed in (21) are here as follows: 

2j contains # i, Si , $12, $21? S23, $32, S u , o 4 i, o 04 , o 40 , o 34 , o 43 ; 

ik 

Z-j U contains S i, o 04 , o 40 , 041, o 43 , 034, o 32 ; 

ik 

yV contains V u V 2 ; 

i 

yy r contains V z , V 4 . 

i 

Since F=0 inside the perfect conductor V 2 and its shadow V 3 , the volumes V 2 and V s and the 
surfaces S 2i , S 3 < may be dropped. The semi-infinite cone may be considered as a limiting case 
of figure 1, with r ^°° . The cone basis, as will be demonstrated later, and the shadows are 
then removed to infinity and give no contribution, so that all surfaces and volumes with indices 
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Figure 1. Material and shadow volumes and sur- 
faces for the case of a finite coated cone. 

3, 4 may also be dropped; this leaves us with: 

]>]' contains S oh S 10 , S l2 ; 

ik 

yy contains S oi ; 

ik 

2' contains V\\ 

i 

y"y 7 gives no contribution. 

i 

We also assume homogeneous coating, thus Ve/ = 0, and further on the conducting surface 
S12, n,XVXH=0. If we call 

H M =H-Ho«*-', (22) 

then, since we cannot consider any scattering in the exact forward direction, 

H; c = f dS[(n t XU)XvF+Fn t X(VXn)] 

+k~ 2 ( dS[n t X(VXB)]-v(yF)+f (n t XB)XvFdS 

+ f dr{FU [(vS) 2 -K 2 -ip 2 V - (p~ 2 vS)]+H • VVF} . (23) 

The square bracket in the last integral may be rewritten as 

-e- iD V 2 e iD -(K-ky+2i(K-k)p- 1 . 

If the limit r ->°° (see fig. 1) is not yet taken in (23), then all integrals are "restricted," and we 
may let r' go to infinity in F(r, O, so that (23) represents the scattered far field, related to the 
scattering amplitude A(k , k) by (12). 

Let us also specialize to the case of backs cattering, so that k^— k , 8+— >3 . Further, we 
introduce one common unit normal vector n to all cone surfaces, assumed to point away from 
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the body of the cone. The result is 

H; sc (oo) = -(47rr , )- 1 ^ T '/- f-.^[(nXH)XV^' (ko - r+5o) + ^'( ko - r +^nX(VXH) 
+i" 2 [nX(VXH)]- v ^«i«ot+a)] + f ( ;S[(nXH)XV^' (ko ' r+5o) 

J Sio 

+ g «««-'+«o)nX(vXH)]- f ^(nXH)XV^ (k0,r+w 

JSl2 

- f rfr[6^ ,r +^H[(Z-^) 2 +rV^]-H • VV^' (krr+5o) ]|' 



(24) 



The Born-Kirchhoff approximation result would be obtained from this by letting <5 -^0, leading 
to a greatly simplified equation. A partially simplified result, which we shall refer to as 
"Born-type" approximation, may be obtained by keeping 5 in the rapidly varying exponentials, 
but neglecting derivatives of <5 . This leads to 

n f bsc (^)^-ik(4irr , )- 1 e ikrf J f dS«*' r [nXE-iioiio • (nXE)] 

^ J Sol 

-f rf&'^e'tnXE)- f rf&^' r ^(nXH)Xn 

Jsio J Sn 

+ik f dre i ^' r+ ^[H(N-iy+n^i Q - H]\> (25) 

using an index of refraction N= (e'ii)*=K/k. 

At this point, the physical-optics approximation will be made. For the fields on the 
surfaces of the cone and its coating, and in the volume of the coating, we shall insert the exact 
fields which are present on the surface and in the coating of an infinite perfectly conducting 
plane, coated uniformly by a homogeneous weak scatterer of thickness 8. Appendix 1 outlines 
how this field is obtained. This is expected to lead to good results if the radius of curvature 
is larger than the wavelength of the incident radiation. Obviously this is not true in a region 
with dimensions of less than a wavelength around the tip of the cone. It is known, however, 
that the scattered field may be thought to be produced by currents which are set up in a region 
stretching at least a wavelength away from the tip [V. H. Weston, private communication]. 
In any case, the physical-optics approximation for scattering from a perfectly conducting, 
uncoated semi-infinite cone leads to results [Siegel and Alperin, 1952] which are in extremely 
good agreement with the exact values [Hansen and Schiff, 1948; Siegel et al., 1955]; one may 
therefore expect this to be true to some extent also for the coated cone. 

Since the normal vector n of appendix 1 is not constant as one moves over the surface 
of the cone, we should introduce another reference direction. Using a unit vector e pointing 
from the tip into the cone along its axis (and we shall in the following always put the origin 
into the tip of the perfectly conducting cone; r p • n=0 then still holds), let us decompose the 
incident field: 



One then finds 



H =i7 ± eXn +#|,n X(eXno). (26) 

ao=[(n .en .n-n.e)//_ L +n.(eXn )/i'ii][l — (iio-n) 2 ]- 1 , 
6 () =[n.(eXn () )// ± -(n () .en () .n-n.e)//||][l-(n .ii) 2 ]- 1 . (27) 

Further, since the Saxon-Schiff method applies to weak scatterers and assumes straight-line 
propagation of the rays, cf (5b), we shall for the sake of consistency and simplicity make the 
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same approximation in the physical-optics fields of appendix 1: set no^n , nj^iii. We obtain: 

2ia N cos Na—i/d sin Na 
ai ~ e " NcosNa+ivsmNa® ' 

7 9 , TV cos Na—iu sin Na , 

N cos Na+ifjL sin Afa ' 



iV/x 
N cos Na+ifj. sin Afo 
with 

a=n -nft, a=k8. 



b'o^e 1 " Ar .„ Ar ,.7, ,.,:_» T . ,6„ (29) 



The integrals in (24) will be evaluated for a simple case only, namely for nose-on back- 
scattering. Then n =e, and the problem becomes very symmetric. For the surface integrals 
we use polar coordinates r,& f <p(&, half the opening angle of the cone, is constant) and have 
dS =sin drdrdp. For integrals over S 01 or S 10 , we shift the origin into the tip of the coating 
by the transformation r' = r+ed esc #. For the volume integrals, we use cylindrical coordi- 
nates p, cp, 2, and have 

r rp* rp cot $ (*2 W 

dr= pd P dz dip, (30) 

J Jo Jp cot 0—5 esc?? Jo 

also 

8 =k(N-l)(z+8 esc §-p cot &), (31a) 

V8 =-nk(N-l) esc #. (31b) 

It is the surface integral over S 12 in (24) which will, both in the limits <5-^0 (or a— >0) and 
iV— >1, go over into the physical-optics result for a bare cone [Siegel and Alperin, 1952; Siegel, 
Crispin, and Schensted, 1955] 

HU">)={j^rH t^# (32) 

(actually, in the limit a— >0, we shall obtain this result multiplied by a factor 4iV(iV+l)~ 2 , 
which is, however, ^1 in second order in (N—l)), whereas all the other integrals go to zero. 
In this integral, we also have 8 =k(N— 1)8 esc #, and generally, n • n=— sin #. 
Using (31b), we may rewrite (24) in the form 

H' 6 , c («>) = -it(4xr / )- 1 6^' {J 1 + (l-6 / )J2-e , J 3 +J 4 +(iV-l) csc filU+U+U+U)} , (33) 

where terms of orders (N—l) 2 have been neglected, but terms ~(iV— 1) were kept. Use of 
the Born-type approximation (25) would have given (33) without the term containing the 
square bracket (thus leading to inconsistencies in powers of (N—l)). The individual terms 
are: 

J^f dSn X(nXU)e^-^\ (34) 

3 2 = f dSn X[(nXE)Xn ]e ik «- r , (34a) 

J Sni 

J 3 =n f ^n .(nXE)6^' r , (35) 

J,=ikn f dm • H6^ k °-^, (35a) 

JVi 
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,= f dSnX(nXll)e*°-<, (36) 

= f dS(nXK)Xne i <to-*+*>\ (37) 

J Si2 

U=—ik f ^ nH . n 6^ k °- r +^, (38) 

U=-iknA drH.n6^ ko ' r +^. (39) 

Since for nose-on scattering there is azimuthal symmetry, we may take H n = 0. Equations 
(27) then become by a limiting procedure: 

a =H cos <p/cos #, b Q =H sin <p/cos#. (40) 

In terms of these quantities, the physical-optics fields needed in (34) to (39), always using 
the straight-line approximation, are from (A12) to (A14), (28), (29), and using Maxwell's 
equations: 

a. On Si 2 : 

n X(nXH) = -2AT 2 A-V' an °- n n . n[a n Xn+b {) n X(nXn )]e iNk °- r >>, 

nX(nXH)--2Ar 2 A-V ano - n Kn Xn + 6o(n -n)nX(nXn )]^ Arko -^. (41) 

1). On Soil 

n X[(nXE)Xno]=2i/zA" 1 no-nsin (A^aiio .n)Kn Xn+6 n X(nXn )]6^'^, 

(nXH)Xn=2iVA- 1 cos (Nan • n)Kn Xn+6 (n .n)nX(nXn )]^' k °' r <, (42) 

c. In Vi\ 

H=A^ 2 A- 1 6 ta - n {a n Xn + MoX(nXn )+KnoXn 

-J ((n .n)nX(n Xn)+n(l-(n fl -n) 2 ))]r» n »' n ) n - r )^ k ^ (43) 
where 

A=N cos (Nan • n)+i/x sin (Nan - n). 

With these fields, the integrals (34) to (39) are evaluated in the limit r — >oo or p-^oo ; in this 
case, there is no contribution from the base of the cone which moves away to infinity; "tip 
scattering' ' alone remains. (In the nose-on situation, there is formally an infinite contri- 
bution from the base as r -^°° ; physically, it must vanish due to the finite conductivity of air, 
and the zero result may also be obtained by starting out with nonaxial incidence and taking 
the limit of nose-on incidence afterwards.) 2 The result is: 

H , 6sc (oo)-i(4^ / )" 1 ^ fcr 'H tan 2 & • S, (44) 

with 

S =e ia[(N-l) cs Cl ?-sintf][ cos (JVfl sm ^—i^N' 1 sin (N<L sin tf)] -1 

X {1 + (1 — e^ifiN- 1 sin (Na sin &)e-wx <***+<*>**<»*» 

+ (N— 1) esc tf[§(sin #+csc #)(1 — cos (Na sin 0)e-teav-ac*+cos*cot*)) 

-sin #(N+l)~ 2 (l-e- 2iNa cos » «* *)}} . (45) 



2 All the "longitudinal" integrals (proportional to n ) vanish for nose-on incidence. 
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Figure 2. Radar cross section of a semi-infinite, 
perfectly conducting dielectrically coated cone (nose- 
on incidence), plotted versus a = k8 (8 = thickness 
of coating) for^various values of the refractive index 
N of the coating and of the half opening angle 6 
of the cone. 
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Figure 3. Comparison of radar cross section of 
the cone considered in figure 2 with results of a 
Born-type approximation. 



The radar cross section is obtained from 

cr=4xr' 2 |H; sc (a,)|2.|H |- 2 , 
u tan 4 & , 



and we find 



16tt 



\S\\ 



(46) 

(47) 



where X is the wavelength of the incident radiation; (47) goes over into the result for the tip 
scattering from a bare perfectly conducting cone [Siegel et al., 1952 and 1955] in physical- 
optics approximation if S— >1. This is also the limit of (45) for a— >0 or for e , /x— >1. 

Values of 0-/X 2 are plotted versus a in figure 2, for a dielectric coating with A^=1.33 and 
1.67, and for three cone half angles, #=30°, 50°, and 70°. The results are expected to be less 
accurate the smaller # becomes, since then the basic assumption of straight-line approximation 
will be less accurate even for N near unity. 

The Born-type approximation for S is obtained by dropping the term multiplied by 
(N— 1) esc # in (45) . It is clear that this is again less justifiable for smaller angles #. A compar- 
ison is made in figure 3, where cr/X 2 is plotted versus a, with and without this approximation. 
One can see that the Born-type approximation reproduces no more than the general trend of 
the complete result in a qualitative fashion; it also exaggerates the diffraction minima, 
similarly as in Uberall [1962]. For smaller angles, the discrepancies become even worse. 
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4. Use of Exact Eikonal for the Semi-Infinite Cone 

In the general situation of section 2, and in the application to the semi-infinite cone of 
section 3, we restricted ourselves to using an eikonal Green's function corresponding to 
straight-line propagation [Saxon and Schiff, 1957], for reasons of mathematical simplicity. 
This is equivalent to considering a weakly scattering coating (dielectric constant and perme- 
ability near unity) only; for small opening angles of the coated cone, assumption of straight- 
line propagation will not be justified unless the scattering properties of the coating are extremely 
weak. The semi-infinite cone, however, is a sufficiently simple object so that one may use an 
exact eikonal Green's function which corresponds to the actual refraction of the rays in the 
coating material. This immediately removes the restriction to large cone angles and also to 
wealdy scattering coating (cf, the remarks (f) of section 2). The integrals over the material 
boundaries and volume of the coating, in terms of which the far field is given after application 
of Green's theorem, are again evaluated by inserting the physical-optics field of an infinite, 
perfectly conducting coated plane. 

As in section 2, we begin with the wave equation (3). The eikonal Green's function to 
be used is: 

F(r, r')=F{r', r) = -(47rp)-V^ r '), (48) 

which satisfies 

V 2 F+(vS) 2 F=5(p)+iF P 2 v • (P~ 2 VS), (49) 

with p = r— r'. If the eikonal S(r, r') satisfies certain limiting conditions [Brown, 1959], we 
obtain by application of the vector Green's theorem again the general equation (21), or for 
the coated cone, (23) for the scattered field at r', where S i is the boundary just outside and 
#10 that just inside the outer surface of the coating, S V2 the surface of the coating separating 
it from the perfectly conducting cone, V x the volume of the coating, and n* the normal vectors 
of S i]c pointing into V k or away from V t . Later, a common normal vector n pointing out of 
the cone will be used. 

The function S(r, r') = S(v', r) will now be chosen, not as in 2 corresponding to si raight-line 
propagation from r' to r with WKB phase, but following a suggestion of Saxon [1957] as the 
classical action function satisfying 

lvS(r,r')f=[K(r)Y, (50) 

where K is the propagation constant in the medium in which r is located. For an infinite, 
uniformly coated plane (in anticipation of the physical-optics approximation to be used later) 
[and also for nose-on incidence on the cone when r' is removed to infinity (corresponding to 
the far field)], S may be taken as 

r kp, (50a) 



£(r,r')=H 



k P "+K P ', (50b) 

Kp"+k P ', (50c) 

IKp, (50d) 



with p'=r— r h P ,/ =r 1 — r', corresponding to (a) r, r' both in air, (b) r in the coating, r' in air, 
(c) r in air, r' in the coating, (d) r, r' both in the coating. The point r u situated on the surface 
of the coating, is determined from the law of refraction: 



'&; 



kp"Xn=K A P 'Xn (51) 

(for case (b)), with p' = p'/p', etc., and n the normal vector to the plane (or the cone) pointing 
into the air. It can be shown easily using (51) that (50a) to (50d) satisfies (50) as well as 
the necessary limiting conditions on S [Brown, 1959] ; we also used r x • n=6 where 5 is the normal 
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thickness of the coating (assuming always that the origin is situated on the conducting surface; 
in this case, we have on the surface of the conductor, r=r p : n- t p = 0; on the surface of the 
coating, r = r c : n- r c =8, both for the plane and the cone). 

To obtain the scattered far field in the direction N from (23), we remove r' = Nr' to infinity 
and obtain 

lim F(r, r') = -(47rr')- 1 e ikrr e- ik ' T ' +i8+ V (52) 

r'->oo 

with k^&N; 

8+(r)=K P '+k.p' (53) 

if r lies in the coating, and 5 + (r)==0 if r lies in air (this is also the value of 8 + in general if the 
Born approximation, corresponding to S=kp, had been used). 

Considering now only backscattering of the radiation, i.e., N— >— n where n =k /& is the 
direction of incidence of the radiation (along the cone axis if nose-on incidence is considered), 
then 5 + (r) becomes-^ 

$o(r)=#p'-k .p', (54) 

and (24) now reads: 

H; sc (oo) = -(47rr')-V* r '/ - f rfS[(nXH)XV^' (koir+5o) + ^ (ko ' r ^ o) nX(VXH) 

+t- 2 [nX(VXH)].We i(k »- r ^]- f ^(nXH)XV^ ,r + 5 ») 

Js 12 

+ f ^[(nXH)XV^' r +w + ^ (ko ' r ^nX(vXH)] 
Js l0 



(55) 



If we rewrite (54) in the form 

5o(r)=flf(a-An.r), (56) 

we find, using (51), 

^no-n+t^-l + ^.n) 2 ] 1 / 2 (57) 

with a=k8, N=K/k, and the square root is defined to have a positive real part. Note that 
(53), (54), (56), and (57), as well as the following equations, may be derived using vector 
identities only (which are formally valid also for complex K), rather than geometrical consider- 
ations. We also obtain the following identities: 

p' • n=-N~ 1 [N 2 -l + (n • n) 2 ] 1/2 , (58) 

P '=(p'. nr^r-n-S), (59) 

^.n =iV-i{l-(n .n) 2 -n .ii[A^-l + (n .n) 2 ] 1 / 2 }; (60) 

if we introduce the half-opening angle of the cone #, then 

n -n=— sin#. (61) 

Analogously to (33), the backscattered far field may be written as 

H; sc (~) = -^(47rr0-^ (62) 

with J*, L t as before, and with 

M=ik\ drnH.n^ (k '' r + 5o >. (63) 
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The difference with (33) is now that 8 and g are changed; in particular, that g [which earlier 
was given by (N — 1) esc &] is now no longer considered as small compared with unity, so that 
a term g 2 M was kept in (62); and that in (62), the exact physical-optics fields above a coated 
plane have to be used, rather than those simplified by the straight-line approximation, as in 
section 2. These fields have been worked out in appendix 1, and the quantities needed in the 
integrals of (62) are as follows: 

(a) on S l2 (r=r p ): 

n X(nXH)=2 / x- 1 K(no-n)nXno+^(p / .n)noX(n Xn)]^ k o-^, 
(nXH)Xn=2 M - 1 Kn Xn+^(p , -n)nX(nXn )]^-% (64) 



with 



where a=an • n, and 



ai=iV/iiio-ii€ <a Al 1 ao, 

bo=Ntm 'ne ta A^bo f (65) 

A a =Nn - n cos a'+ipp' • n sin a ', 



with 



A b =Np' • n cos a f -\-ifjn • n sin a , (66) 

a'=Nap' n. 

(b) on S i(f=r c =T p +nS): 

noX[(nXE)Xno]-(no.n)[noXnyl_+n X(nXn )J5 + ]6 /k -% 
nX(nXH)-[nXn i + +(n .n)nX(n Xn)J?_P»-^ (67) 

-4+ =2iVh • n cos a f e ia AZ l (h 9 

A-=2i\i K 9 ' -n sin ae^A' 1 ^, (68) 

B + =2ifjjko • n sin a'e ia A) 1 bo, 

B-=2Np' n cosa'e ia As l b , (69) 

(c) in V t : 

H= M -HaXXn-f^iV[ii-(p'.n)p , ]+Kn Xn-W(^.n)nX(noXn) 

+iVn(l-(p / .n) 2 )]]6- 2iAT/ ^- nn ' r }^^'- r . (70) 

For nose-on scattering, a and b are those given by (40). 

We then obtain for the integrals (for nose-on backscattering), keeping the tip-scattering 
contribution only: 

J 1 = (2F)-VH tan 2 ^ e ia(w ~ 2sin d) {N sin dA^+wA* 1 } , (71) 

J 2 =(2ZrW)~VH tan 2 &in sin (aw)e^ 2iacsc d {wA~ l +N sin tfA* 1 }, (72) 

J 3 =J 4 =0, (73) 

Lx=— (2F)-VH tan 2 d cos (aw) e~ 2ia csc * {NA^+w sin ^A," 1 }, (74) 

L 2 = (2F)- 1 7rH tan 2 ^^ iG(M '- 2sin ^{A^A; 1 -+^sin tfA^ 1 }, (75) 
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La^-tSPA^-VHo tan 2 &e mw ~ 2sinm {(w—sin &) cos 2 #[i- e - 2ia{w + cosdcotd) ] 

X(w+cos & cot tf^-Kw+sin #) sin #[1 — e~ Ua cosd cot *]}, (76) 

L 4 =0, (77) 

M=(8FA 6 )-VH tan 2 ^^«(^-2 sin,?) | cog 2 ^ [ 1 _ e -^a( W7 + C os^cot^)] 

X(w+cos # cot ^"'-sin^Il — 6- 2zacos ' ?cotl? ]}, (78) 

with 

w=(iV 2 -cos 2 #) 1/2 . (79) 

As before, we write the backscattered far field in the form of (44), and obtain for the radar 
cross section <r the expression of (47). Again, it goes over into the result for the tip scattering 
from a bare perfectly conducting cone in physical-optics approximation if S— >1. This is 
indeed the case for a— >0, and/or for e', ju->1, in our expression for S: 

S^AA^ + BA^ 1 , (80) 

A=±N{e- 2iacsc *[(w—sm #) cos (aw)+i(l—e'- 1 )w sin (aw)]—we ia(w - 2s ' md) } , (81) 

B=\ sin tf{£- 2zacsc *[w(w— sin #) cos (aw)+iN 2 (l — e'~ l ) sin (aw)] 

+ e to(«»-2 8in*) w ^ ( w — s in ^)(1 — 6- 2zacoSt9cot,? ) — (w+cos^ cot #)]}. (82) 

In the same notation, A a and A & become: 

A a =— iVsin & cos (aw)-\-ifxN~ l w sin (aw), (83) 

A & =— w cos (aw)H-i^ sin # sin (aw). (84) 

If the limit of straight-line propagation is taken carefully, (80) can be shown to go over into 
the previous result, (45). 

Numerical results 3 are shown in figure 4 where \S\ 2 is plotted versus a, for a ranging 
from to 1 • 2, with a cone half-opening angle 0=10° and for a purely dielectric coating of real 
dielectric constant, e'=3.0, and ^=1.0. For such a small opening angle, the result is a rapidly 
varying function of a = k8, showing pronounced diffraction maxima and minima. If the 
expression (45) for |S| 2 had been used (which is not expected to be valid for small 6, due to the 
breakdown of the straight-line approximation), we would have found results resembling those 
of figure 4, but with the peaks vastly larger (by a factor ~10), of approximately the same 
height each, and with a much shallower minimum which, however, w^as at the same position 
as that in figure 4. For large angles, though, (45) is expected to be a better approximation 
to (80). 

5. Appendix 1 

In this appendix, we derive the fields on the surface and in the coating of an infinite 
perfectly conducting plane, uniformly coated by a homogeneous material of thickness 3 with 
arbitrary complex dielectric constant and permeability . If there is an incident field E exp (i'k - r), 



3 1 thank Miss S. E. Dinga for the computation of these numerical values. 

762 
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Figure 4. Radar cross section for axial incidence 
on a semi-infinite, perfectly conducting dielectri- 
cally coated cone, plotted versus a = kd (wave num- 
ber k = 27r/X, thickness of coating 8) for e' = 3.0, 
/i=1.0 of the coating, and a half-opening angle of 
the cone (9=10°. 

write the total field above the coating as 

E=E e*V r +E 1 e*'- r , 
E / =EJ«*i-'+EJ«ft # iT > 



inside the coating as 



(Al) 
(A2) 



where k 0)1 =&n 0>1 , ko, i=A: / iio,i, k'/k=N=(e'ij,) U2 (complex index of refraction), n -E =0, . . 
n[ • EJ=0, and where the laws of reflection and refraction are 



n!=no— 2n(n -n), nj=ii£— 2n(nJ.n), 
inoXn^^'noXn, in 1 Xn=A: / iiIXn, 



(A3) 
(A4) 



with n a unit normal vector pointing from the conductor into the coating. The boundary 
conditions (10) require on the outer surface of the coating (r— r c ): 

nXE c =nXE;, nXH c -nXH;, (A5) 

and on the surface of the perfectly conducting plane (v=r v =r c —b, where d=n8) we also have 
n- r p = if the origin is put on the conducting plane): 



nXE;=0, n.H;=0; 



(A6) 



the magnetic field is obtained from E always by the first equation (la). Equation (A6) is 
satisfied with 

E;=2n(Ei.n)-Ei. (A7) 
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At this point, the so-called "impedance boundary conditions' ' may easily be shown as a by- 
product; these are 

nX(nXE c ) = -r/nXH c , (A8) 

with 

*=U±— % ^ffl> if EJin, n> (A9) 

^ = ^1,= _ ^n-no tan k' -8, if Eo is in the n,iio plane, (A10) 

and where for a strongly refracting or absorbing medium, |iV|>>l, 

y±.~m ^—i^N- 1 tan Nkd, (All) 

being polarization and angle independent. 

The reflected and transmitted fields are obtained simply by satisfying (A5). If one 
writes 

E n =-ann n X(nXn ) + MXn , (A12) 

E 1 =a l n 1 X(nXn 1 )+b 1 nXn 1 , (A13) 

Ei=aXX(nXni) + 6inXni, (A14) 



then we obtain the results: 



n-n — T/ii 

a >- e *o-i nn » Jt, a,; (A15) 

n n — 77|| cos k - 8 

bl = e 7T^ -i^ 

n-n — t/j. 

i;=e*(r' n ' n °. 1 . \, -J o- (A16) 

6. Appendix 2 

It may be of interest to see what results a straightforward physical-optics approximation 
would give for the scattering of radiation from a perfectly conducting cone with a homogeneous 
coating of uniform thickness. This calculation will turn out much simpler than the foregoing, 
since it does not incorporate the phase shifts, characteristic for the Saxon-Schiff approximation, 
which appear in the coating and on Si 2 . 

Consider first a finite coated cone in free space. As before, we start from the vector 
Green's theorem, but use a conventional Green's function, 

<7(r,r')=--(4rp)- 1 e < * (A17) 

with P=r— r', instead of F(r, r'), and integrate over V=all of free space, bounded by S i (the 
outer surface of the coating), S b (the base surface of the cone), and S m (an infinite spherical 
surface with center at the origin which is again put into the tip of the conducting cone). In 
analogy to (17), we find 

H'=H e*»"'+ f rfS[(n l XH)Xv(?+^X(VXH)]+ f drH-wG, ( A l8) 
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and using again the method outlined between (18) and (20), we may transorm this (using a 
normal vector n pointing out of the cone) into: 

H; c = - f rfS{(nXH)XV(?+[nX(vXH)].g}, (A19) 

Js b +s 01 

where we introduced Schwinger's [Brown, 1959, and Levine and Schwinger, 1950] tensor 
Green's function: 

Q(v,r')=[3 -k- 2 w']G(r,r'), (A20) 

3 being the unit dyadic. We prefer the formulation (A19) to the equivalent one of St rat ton 
and Chu [Stratton, 1941] since it demonstrates directly the transversaiity of the far field. 
Indeed, for r'— >°°, we obtain 

H; c (oo)= 7 ;(4^r , )-VX^kX f JS{nXn+kX(nXE)}e-*-*, (A21) 

J s 01 

with k = k/k a general direction of scattering. The transversaiity is obvious. We have here 
dropped the contribution of S b in the limit of going over to a semi-infinite cone, where it is 
removed to infinity and gives no contribution as usual. 

For backscattering, Jc=— n , we find in analogy to (62): 

H;, c (oo) = -7l(47rr)-V^'(J2+Jo), (A22) 

with J 2 as before, and 

J 5 =f rfSn X(nXH)6*°- r . (A23) 

Js ol 

The physical-optics field on the surface of the coating, S oi , corresponding to nose-on incidence 
on the cone, is again evaluated with the help of appendix 1, and we obtain 

J 5 =(2F)- 1 7rH tan 2 # cos (aw)e~ 2iaC80 »{N sin tfA^+rn^ 1 }. (A24) 

If the radar cross section is written as in (47), we obtain the simple result 

s= i e - 2 ia esc ^[^2 sin # cos (aw)+ifxw sin(aw)][N 2 sin & cos (aw) 

—ijiw sin (aw)]~ lJ r[w cos (aw)-\-in sin § sin (aw)] 

-[w cos (aw)— iii sin & sin (aw)]' 1 } , (A25) 

and the cross section again goes over into that of a bare perfectly conducting cone (in physical- 
optics approximation) if a— >0 or if iV— >1, /*—>!. 



I am grateful to V. H. Weston for many illuminating discussions and encouragements, 
and to K. M. Siegel for his interest. Helpful discussions with I. Schensted and T. Senior are 
also acknowledged. 

7. References 

Brown, W. M. (Apr. 1959), An approximation method for large-angle scattering of high-energy scalar and 
vector waves, Ph. J). Thesis, Department of Physics, University of California, Los Angeles. 

Hansen, W. W. and L. I. Schiff (Sept. 1948), Theoretical study of electromagnetic waves scattered from shaped 
metal surfaces, Microwave Laboratory, Stanford University, Quarterly Report No. 4 (Final Report), Con- 
tract W28-009-333. 

Hiatt, R. E., K. M. Siegel, and H. Weil (1960), Forward scattering by coated objects illuminated by short 
wavelength radar. Proc. IRE 48, 1630. 

765 



Hiatt, R. E., K. M. Siegel, and H. Weil (1960), The ineffectiveness of absorbing coatings on conducting objects 

illuminated by long wavelength radar, Proc. IRE 48, 1636. 
Kerr, D. R. (1951), Propagation of short radio waves, Radiation Laboratory Series, 13, p. 454 (McGraw-Hill 

Book Co., Inc., New York, N.Y.). 
Levine, H., and J. Schwinger (1950), On the theory of electromagnetic wave diffraction by an aperture in an 

infinite plane conducting screen, Comm. Pure App. Math. 3, 355. 
Saxon, D. S. (1957), Formulation of high energy potential scattering problems, Phys. Rev. 107, 871. 
Saxon, D. S. (1959), Modified WKB methods for the propagation and scattering of electromagnetic waves, 

IRE Trans. Ant. Prop. AP-7, Special Supplement, S320. 
Saxon, D. S., and L. I. Schiff (1957), Theory of high energy potential scattering, Nuovo cimento 6, 614. 
Siegel, K. M., and A. Alperin (Jan. 1952), Studies in radar cross section III: Scattering by a cone, Report 

UMM-87, Willow Run Research Center, The University of Michigan. 
Siegel, K. M., J. W. Crispin, and C. E. Schensted (1955), Electromagnetic and acoustical scattering from a 

semi-infinite cone, J. Appl. Phys. 26, 309. 
Sommerfeld, A. (1959), Optik, Akademische Verlagsgesellschaft Leipzig, 2d ed., pp. 178-292. 
Stratton, J. A. Q941), Electromagnetic Theory (McGraw-Hill Book Co., Inc., New York, N.Y.). 
Uberall, H. (1962), Scattering of electromagnetic waves in Saxon-Schiff theory, Phys. Rev. 128, 2429. 
Weston, V. H., and R. Hemenger (1962), High frequency scattering from a coated sphere, J. Res. NBS 66D 

(Radio Prop.), No. 5, 613-619. 
Weston, V. H. (private communication). The statement is based on experimental results. 

(Paper 68D6-373) 



766 



